
































Higher Mathematics Unit 1 - Differentiation

1
3. A curve has equation y =2x +— for x #0. Find the x-coordinates of the

x
stationary points on the curve and determine their nature.
Given y =2x + x L
d -
D o—g_y?
dx
1
= 2 - -
x
)
Stationary points exist where Zy =0:
1
2 - —2 == O
x
2x" =1
2 _1
X' =3
x=t-L.
V2
Nature:
—L L
x ‘ - -5 - ‘ - &5 =
dy
Tl o0 —- 0+
Graph / NN _ /

So the point where x = —% is a maximum turning point and the point

_ 1 . . . .
where x =—= is a minimum turning point.
NG g&p

9 Curve Sketching
In order to sketch a curve, we first need to find the following:
e x-axis intercepts (roots) — solve y =0;
e y-axis intercept — find y for x =0;

e stationary points and their nature.
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Higher Mathematics Unit 1 - Differentiation

‘ Sketch the curve with equation y=2x> —3x>.

y-axis intercept, i.e. x =0: x-axis intercepts i.e. y =0:

)’:2(0)3_3(0)2 2x" =3x* =0
=0. x*(2x—3)=0
Therefore the point is (0,0). =0 or  2x—3=0
=0 _3
0,0 ;
(3.0).
Given y = 2x° —3x7,
ﬂ =6x" —6x.
dx
. . . dy
Stationary points exist where o 0:
6x° —6x=0
6x(x—1)=0
6x=0 or x—1=0
x=0 x=1.
When x=0, When x =1,
y=2(0)"-3(0) y=2(1)’-3(1)*
:0. :2_3
Therefore the point is (0,0). =-1.
Therefore the pointis (1,—1).
Nature:
X | - 0 = | - 1 -
(0,0) is a maximum turning point.
Dy 0 |- 0 +
dx - (1,-1) is a minimum turning point.
Graph / NN\ _ /
.)/A )/ — 2x3 _ 3x2
O / >
A X
2
(1) _1)
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Higher Mathematics Unit 1 - Differentiation

Closed Intervals

Sometimes it is necessary to restrict the part of the graph we are looking at
using a closed interval (also called a restricted domain).

The maximum and minimum values of a function can either be at its
stationary points or at the end points of a closed interval.

Below is a sketch of a curve with the closed interval —2 < x <6 shaded.
-ylk

maximum

TX
minimum

-2 6

Notice that the minimum value occurs at one of the end points in this
example. It is important to check for this whenever we are dealing with a
closed interval.

A function f is defined for —1<x<4 by f(x)=2x"—5x —4x+1.
Find the maximum and minimum value of f (x).
Given f(x)=2x" —5x" —4x +1,
f(x)=6x"—10x—4.
Stationary points exist where f (x)=0:
6x* —10x—4=0
2(3x2 —5x—2)=0
(x=2)(3x+1)=0
x—2=0 or 3x+1=0

x=2 Xx=—%.

Q|—
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Higher Mathematics

To find coordinates of stationary points:

f(2)=2(2)"-5(2)" -4(2)+1

=16-20-8+1
=-11.

Therefore the pointis (2,—11).

Nature:

Points at extremities of closed interval:

f(=1)=2(=1) =5(=1)" = 4(-1) +1

=-2-5+4+1
=-2.
Therefore the pointis (=1, —2).

Now we can make a sketch:
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Unit 1 - Differentiation

1 a4
)-44)+1
L 49).

(—%, —7) is a max. turning point.

(2,—11) is a min. turning point.

f(4)=2(4) =5(4)" - 4(4) +1
=128-80—-16+1

=33.

Therefore the point is (4, 33).

4 (4,33)
44
/\ R
/0O x
(=1, =2) (2, —11)

The maximum value is 33 which occurs when x=4.

The minimum value is —11 which occurs when x=2.
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Note

A sketch may help you
to decide on the correct
answer, but it is not
required in the exam.
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Higher Mathematics Unit 1 - Differentiation

Graphs of Derivatives

The derivative of an x” term is an x” " term — the power lowers by one.
L. . 3, . .
For example, the derivative of a cubic (where x” is the highest power of x) is

a quadratic (where x* is the highest power of x).

When drawing a derived graph:

o All stationary points of the original curve become roots (i.e. lie on the x-
axis) on the graph of the derivative.

e Wherever the curve is strictly decreasing, the derivative is negative. So the
graph of the derivative will lie below the x-axis — it will take negative
values.

e Wherever the curve is strictly increasing, the derivative is positive. So the
graph of the derivative will lie above the x-axis — it will take positive values.

Quadratic Cubic Quartic
Ja Ja _)/‘r
inc. ! inc
dec! inc / .
@) "x Ie) ' >x
}’Ar é Ja i
Lt |
/ A
® " \
/ o\_/

Linear Quadratic

Page 53



Higher Mathematics Unit 1 - Differentiation

The curve y= f(x) shown below is a cubic. It has stationary points where
x=1and x=4.
Ja
y=1(x)
\N R
o \ X

Sketch the graph of y= f"(x).

Since y = f(x) has stationary points at x=1 and x=4, the graph of

y= f,(x) crosses the x-axis at x=1 and x=4.

N ,
y= f (x) Note . .
The curve is increasing
between the stationary
O /\1 4/\ >y points so the derivative is
positive there.

12 Optimisation

In the section on closed intervals, we saw that it is possible to find
maximum and minimum values of a function.

This is often useful in applications; for example a company may have a
function P(x) which predicts the profit if £x is spent on raw materials — the
management would be very interested in finding the value of x which gave
the maximum value of P(x).

The process of finding these optimal values is called optimisation.

Sometimes you will have to find the appropriate function before you can
start optimisation.
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Higher Mathematics Unit 1 - Differentiation

EXAMPLE

1. Small plastic trays, with open tops and square bases, are being designed.
They must have a volume of 108 cubic centimetres.

y

X

The internal length of one side of the base is x centimetres, and the
internal height of the tray is /# centimetres.

(a) Show that the total internal surface area A of one tray is given by

A=x2+@
X

(b) Find the dimensions of the tray using the least amount of plastic.

(a) Volume = area of base X height Let A be the surface area for a

——y particular value of x:
We are told that the volume A=x"+4xh.
i 3 s0: 108
is 108 cm?, so: We have 4 =22 o
Volume =108 X
x*h =108 A=x2+4x(@)
X
108
= =+ 22
(b) The smallest amount of plastic is used when the surface area is minimised.
dA 432
—=2x——.
dx x
) ) dA
Stationary points occur when — =0: Nature:
432 x | - 6 =
2X - 7 = O dA 0
X . - +
x> =216 Graph |\ _ /
x=0.
So the minimum surface area occurs whenx = 6. For this value of x:
108
/] - 7 - 3

So a length and depth of 6 cm and a height of 3 cm uses the least

amount of plastic.
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Higher Mathematics Unit 1 - Differentiation

Optimisation with closed intervals

In practical situations, there may be bounds on the values we can use. For
example, the company from before might only have £100 000 available to
spend on raw materials. We would need to take this into account when
optimising.

Recall from the section on Closed Intervals that the maximum and
minimum values of a function can occur at turning points or the endpoints

of a closed interval.

2. The point P lies on the graph of f(x)=x"—12x+45, between x =0

and x=7.
Ja

y=f(x)

P(p.f(2))
l/ |

_IP O '|7'x

A triangle is formed with vertices at the origin, P and (—»,0).

(a) Show that the area, A square units, of this triangle is given by

A=4p —6p+%p.

(b) Find the greatest possible value of A and the corresponding value of p

EE for which it occurs.
(a) The area of the triangle is
A=1xbasexheight
=3xpx f(p)
=3p(p"—12p+45)
=30 =60"+%p.
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Higher Mathematics Unit 1 - Differentiation

(b) The greatest value occurs at a stationary point or an endpoint.

At stationary points a_ 0:

dp
;—f=%p2—l2p+%=
3p°—24p+45=0
P —8p+15=0
(p—3)(p—5)=0
»=3 or p=5.

Now evaluate A at the stationary points and endpoints:
o when p=0, A=0;

o when p=3, A=1x3"-6x3"+Px3=27;

o when p=5, A=1x5 —6x5"+ P x5=25;

o when p=7, A=Ix7"=6x7" +$x7=35.

So the greatest possible value of A is 35, which occurs when p=7.
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