








Higher Mathematics Unit 1 - Straight Lines

1. Find the equation of the line with gradient % passing through the point

(3, —4).

y=b=m(x—a)
Note
y—(—4)=§(x—3) (x3) It is usually easier to
3y+12=x-3 multiply out the fraction
before expanding the
3y=x-15 brackets .
x—=3y—-15=0.

2. Find the equation of the line passing through A(3,2) and B(-2,1).

To work out the equation, we must first find the gradient of the line AB:

_2-1 4
3-(-2)
Now we have a gradient, and can use this with one of the given points:

y—=b=m(x—a)
y—2=5(x—3) using A(3,2) and mABz%

5y—10=x-3

Sy=x+7
x—=5y+7=0.

3. Find the equation of the line passing through (—%, 4) and (—%, 5) )

The gradient is undefined since the x-coordinates are equal.

So the equation of the line is x = —%.
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Higher Mathematics Unit 1 - Straight Lines

Extracting the Gradient
You should already be familiar with the following fact.

I The line with equation y =mx + ¢ has gradient 7.

It is important to remember that you must rearrange the equation of a
straight line into this form before extracting the gradient.

‘ 4. Find the gradient of the line with equation 3x+2y+4=0.

We have to rearrange the equation:

3x+2y+4=0
2y=-3x—4
__ 3. 9
y=—3x-2.

So the gradient is —%.

5. The line through points A(3,-3) and B has equation 5x— y—18=0.

Find the equation of the line through A which is perpendicular to AB.
First, find the gradient of AB:

5x—y—18=0
y=5x—18.
So my; =5 and m, = —%. Therefore the equation is:

y+3=-1(x=3) usingA(3,-3) and m, =-1

5y+15=—(x—3)
59+15=—x+3
x+5y+12=0.
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Higher Mathematics

7 Medians

Unit 1 - Straight Lines

A median of a triangle is a line through a vertex and the midpoint of the

opposite side.

A C

M

BM is a median of AABC.

The standard process for finding the equation of a median is shown below.

Triangle ABC has vertices A(4,
B(10,2) and C(4, —4).

=9),

Find the equation of the median from A.

Step 1
Calculate the midpoint of the
relevant line.

Step 2
Calculate the gradient of the line
between the midpoint and the

opposite vertex.

Step 3

Find the equation using this
gradient and either of the two
points used in Step 2.
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Start with a sketch:

M
C

A

Using B(10,2) and C(4, —4):

M=(10+4, 2+(—4)j
2 2

5
272

=(7, —1).

Using A(4, —9) and M(7, —1):
_J2 T

X, T
_=1-(-9)
74

LONY

_8
3-

Using A(4, —9) and m,,, =%:

y—b=m(x—a)
y+9=8(x—4) (x3)
3y+27=8x—32
3y=8x—-59
8x—3y—59=0.



Higher Mathematics Unit 1 - Straight Lines

8 Altitudes

An altitude of a triangle is a line through a vertex, perpendicular to the
opposite side.

/k BD is an altitude of AABC.
A C

D
The standard process for finding the equation of an altitude is shown below.

Triangle ABC has vertices A(3, —5), Start with a sketch:
B(4,3) and C(-7,2). c D _.B
Find the equation of the altitude from A.
A
Step 1
Calculate the gradient of the side Using B(4,3) and C(-7,2):
wh.lch is perpendicular to the —
altitude. My =
Xy T X
_2-3 1
S 7-4 1T
Step 2
Calculate the gradient of the Using m, Xm,, =—1:
altitude using mxm, =—1. m,, =—11.
Step 3
Find the equation using this Using A(3, —5) and m,, =—11:
gradient and the point that the y—b=m(x—a)
altitude passes through. y4+5=—11(x—3)
y=—11x+28
Ilx+ y—28=0.
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Higher Mathematics Unit 1 - Straight Lines

9 Perpendicular Bisectors

A perpendicular bisector is a line which cuts through the midpoint of a
line segment at right-angles.

C B
/\ In both cases, CD is the
A I‘\ —\p perpendicular bisector of AB. D

C A

The standard process for finding the equation of a perpendicular bisector is

shown below.

A is the point (—2,1) and B is the Start with a sketch:

point (4,7).
Find the equation of the perpendicular B
bisector of AB. A

Step 1
Calculate the midpoint of the Using A(-2,1) and B(4,7):

line segment being bisected. 244 14+ 7)

MidpointABz( T

= (1,4).

Step 2
Calculate the gradient of the line Using A(-2,1) and B(4,7):
used in Step 1, then find the 71
gradient of its perpendicular an = (—2)
bisector using mXxm, =-1. 6
6
=1.
m, =—1 since m,, Xm =—1.
Step 3
Find the equation of the Using (1,4) and m, =-1:
per‘pendicular bisector using the y—b=m(x—a)
point from Step 1 and the e
gradient from Step 2. y=d==(x-1)
y=—x+1+4
y=—x+5
x+y-5=0.
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Higher Mathematics Unit 1 - Straight Lines

Intersection of Lines

Many problems involve lines which intersect (cross each other). Once we
have equations for the lines, the problem is to find values for x and y which
satisfy both equations, i.e. solve simultaneous equations.

There are three different techniques and, depending on the form of the
equations, one may be more efficient than the others.

We will demonstrate these techniques by finding the point of intersection of
the lines with equations 3y =x+15 and y=x-3.

Elimination
This should be a familiar method, and can be used in all cases.
3y=x+15 O
y=x-3 ©)
O-@: 2y=18
y=9.
Put y=9 into @: x=9+3
=12.

So the lines intersect at the point (12,9).

Equating

This method can be used when both equations have a common x- or y-
coefficient. In this case, both equations have an x-coefficient of 1.

Make x the subject of both equations:

x=3y-15 x=7y+3.
Equate: Substitute y =9 into:
3y—15=y+3 y=x-3
2y=18 x=9+3
y=9. =12.

So the lines intersect at the point (12,9).
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Higher Mathematics Unit 1 - Straight Lines

Substitution

This method can be used when one equation has an x- or y-coefficient of 1
(i.e. just an x or y with no multiplier).

Substitute y =x—3 into: Substitute x =12 into:
3y=x+15 y=x-3
3(x=3)=x+15 y=12-3
3x—9=x+15 =9.
2x =24
x=12.

So the lines intersect at the point (12,9).

1. Find the point of intersection of the lines 2x — y+11=0 and
x+2y—-7=0.

Eliminate y:

2x—y+11=0 @

x+2y-7=0 @

2XO+@: 5x+15=0

x=-3.
Put x=-3 into @: -6-y+11=0
y=5.
So the point of intersection is (=3,5).
2. Triangle PQR has vertices P(8,3), Q(—1,6) and R(2,-3).

Q
T

R

(a) Find the equation of altitude QS.
(b) Find the equation of median RT.
(c) Hence find the coordinates of M.
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Higher Mathematics

(a) Find the gradient of PR:
_ 3—(-3)

Mpg

8§—2

So the gradient of QS is Mns =—1, since the 72,y X7ns =—1.
Find the equation of QS using Q (—1,6) and 7, =—1:
y—6=-1(x+1)
y—6=—x-1

x+y—5=0.

(b) Find the coordinates of T, the midpoint of PQ:

T:(8_1,3+6
2

Find the gradient of RT using R(2,-3) and T (%,%) :

e

My 7

7-2

Find the equation of RT using R(2,-3) and m =5:
y+3=5(x-2)
y+3=5x-10
5x—y—13=0.

(c) Now solve the equations simultaneously to find M.

Eliminate y:
x+y-5=0
Sx—y—13=0

O+@: 6x—-18=0

Put x=3 into ®: 34+ y—5=0

So the point of intersection is M(3,2).

oo

N\uo|t\>\u\

15 _
=D =5

y=2.
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Unit 1 - Straight Lines

Note

This is the standard
method for finding the
equation of an altitude.

Note

This is the standard
method for finding the
equation of a median.

Note

Any of the three
techniques could have
been used here.



Higher Mathematics Unit 1 - Straight Lines

11 Concurrency

Any number of lines are said to be concurrent if there is a point through

which they all pass.

So in the previous section, by finding a point of intersection of two lines we
showed that the two lines were concurrent.

For three lines to be concurrent, they must all pass through a single point.

The three lines are The three lines are
concurrent not concurrent

A surprising fact is that the following lines in a triangle are concurrent.

1 1 —|
T T
The three medians of a triangle The three altitudes of a triangle
I ! ¢ u
T T
The three perpendicular bisectors The three angle bisectors
in a triangle are concurrent. Ofa triangle are concurrent.
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