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Straight Lines

1 The Distance Between Points

9 " 5
%
yA
. d
(x y) (% ¥a)
y
i (X4 Va)
d
(x v) R




any %
yA
(% 1) Note
The* , ,”and
d Ye- ¥ “, ,"come from
(x. y ) the method above.
X, - X -
"X
(xy) (%)
d=y(%- %)+ (%- y)'
(-#0) 1) ( /1
=)+ (3= y)'
Y- )+ (o)
FH(-Y
JHS+2
*0
-3 -
Y- )+ (u- v )’
. v\ # [l #
=3 (- )
_ # '$ | Note
_\/('%' ﬁ)"' ( % 3) You need to become
\F [n \F confident working with
= ("#) + (6) fractions and surds — so
— practise!
= 2+E



2 The Midpoint Formula

%
I midpoint  (x Y ) (X, Ve Xtx% y*ty
# #
% 3 4
" ( (-0) 05)
.+ +
: #)% ! #¥ Note
Simply writing
_)* 5+(-0 “The midpoint is (4, 2)"
C# # would be acceptable in
an exam.
=(0 #)
# % /e -#)
(0# ) /1
1
1
/
( /1 (
/116
2+X -#ty
N ) = 1 .
()# ) " o (x y)
1 X" y
2+X _ -H#+ Y "
# #
2+x=*0 -#+ y= #0
X =#$ y =H#+
1 (#$ #4)



3 Gradients

( (xy) (%)
yA
Note
“ "is the Greek letter
“theta”.
It is often used to stand
for an angle.
gradient m (x y) (% Y)
_ _ Yo Y
m= 7 T X, - X X %
/ =2 = Yo = ¥
/8 Xy - X
m=
2
X" & "X
/
9 9
X" & V' &
7 9
parallel
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EXAMPLES
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m=
— *# o
==>+# . # <
# 8 -(-# - #)
X' &
m:y#_ y :)+# —%
Xy=- X '+#
/ m =
= ()38 °# <
* 7
Ya
7/m=$
/ .
/ e
3m= 4
a
a= ~ (m)
= %)
=)5>+2=,

=2="- )5>+2= ">*°; # <

?2() )
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4 Collinearity

I— collinear
/1 (
My Te
# m, m, < [
* 0p # / 1
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/"ml(
%,. m, =m, /1 (
~my,
/c
%
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LM moam 1
’Im/l
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" -(+-")?€E#) @59
_#- (-')_* o _+- #_ _
m—? _:_ (_ +) ¥ TH m"@_ _=_%_?ﬁ
m, =mg  ? -? @
it IC=) 1(-"k)  (§))
k
m, =m
k-6 -4
$ -
k+' 5
-# 0
kK+' =" (-#)
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5 Gradients of Perpendicular Lines

perpendicular

% m M
m”m,=-
( m’ m.,=-
;3 4
< &
m=% m, =-z
cannot Xy &
% X"& ;m==c<
y'& A
% y' &
X"& A 7
" B ( -#) (-0 9
$-¢#
m = =-
o =%
-3 —
m,\—)— m m,= -
# C.- C(*2) ,¥=) -(#0)
2- = 2-0 0- =
m - = -
C(*2) c T Tx. = Mo =7 o m T
=-* ~_$3 =
_(#O) —'@; —%
X =)



d =407 2= de =(# - (*))* 0-2)
de =(-*)'+2"=2= ='$" +($)"

= #$:

d* +d" =d*  c- ",

6 The Equation of a Straight Line

(a b)
y-b=m(x- a)
(=c) A y'&
y=mx+c D
%
ax +by +c ==
a
""" /3
)y
y=c
¢ %
y=¢
"X
)y
X =K
%
<
i ;X
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Note

It is usually easier to
multiply out the fraction
before expanding the
brackets .

[E#) 1(-#")
n



D
I y =mX +c
%
before &
n)mm
*X+#HYy+0 ==
#y=-*x- 0
y:—%x—#
3
$ |t *
/
/1
$x - y- b= =
y=%$x-'5

m, =$ m, =-g

y+*=-g(x-*)
$y+$ =-(x-*)
$y+'$ =-x+*

X+$y +'# =

/*(*_

m
*X+#y+0 ==
$x-y- 5=
/1
) mE- g



7 Medians

|/ median &
1
AN ’1‘
/ o (
11( 10 -2)
1(':#) (o -O) C 1
/ (
/
( 6 1(=#) (0 -0)
C = '= 40 #+(-0)
# #
_ 0 #
% #
=(0) -")
( 6 /0 -2) co) -)
_Yu- ¥
& Mie X, - X
_-t2) . 5
)-0
6 /O '2) M;c =2
" y-b=m(x- a)
y+2=2(x-0) | *<
*y+#) 5x -*#
*y =5x - $2

5x - *y- $2Z= =



8 Altitudes
| / altitude

11(
1(0 *)

(Q#)

It $)

1(

10%)  (O#)
Yu - Y
X, - x
_ H-r
"o
my " Mme =
Me =-"
It $) Me =
y-b=m(x- a)
y+$=-" (x )
y=-" X#5



9 Perpendicular Bisectors

| | perpendicular bisector

/* | *] E
( /
/ (-#') 1
1
/1 /
( 6 [ (#') 1(0))
C n = # 0 )
# #
=(0)
( 6 /(#') 1(0))
m, = )
, 0-¢#
m m,= _+
m. = m, = m.=

y-b=m(x- a)
" y-0=- (x )
y=-x+"+0
y=-x+$
X+y-$==



10 Intersection of Lines

C

%

X=*y-'$

Ty-$ =y

*y=x+$ y=x-*

X=2+*

(#2)

%



-y
8 X Y <
y=x-*%* X="#
*y=x+$ y=x-*
*(x-*)= x+'$ y="H# -*
*x-2= x+'$ =2
#x =#0
X="#
(# 2)
' #x - y+ " =
X+#Hy-)==
F y
#Hx- y+ " =
)(+#y-)::
# o+ K+ '$==
X =-%
- X=-% -+ W ==
y=3%
(-*$)
# @ -6%) ?2(-+)  @#)
?
) < ?
< Q@




:—*-(-*):i:'
@ 5_# +
? m, =-' Mg M, =-
? 7(""') m, =-'
y-+=-"(x")
y-+=- %
X+y_$::
-?
_ 5ot = (% 2)
# # # #
@ a#y (k3
2_(*) 'S
m@:#l( ):T#:$:$
g " g
@ @#3) mg=9%
y+*=3(x - #)
y+*:$x_':
$x-y- %= =
C
y
X+y-$::
$X_y_ %= —
+ + -'5==
X=*
X =* *+y_$::
y =#

Note

This is the standard
method for finding the
equation of an altitude.

Note

This is the standard
method for finding the
equation of a median.

Note

Any of the three
techniques could have
been used here.



11 Concurrency

/ concurrent

three
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Functions and Graphs

1 Sets
%
|/ set 8 <
& S={$+)5 8 8
<
8 elements ; < )
S : YIS %
not S9 0l S
B A B A subset B
1 & {+)5}
empty set % G
={#*03$ }
w 7
W={="#*0 1}
={ -#-r=# )



3l 4

‘J -={xT '< x$}

- Note
$ In set notation, a colon
(:) means “such that”.

- :{# * O}
2 Functions
/ function
&
domain
range
/ ; f g<
f(x)=
X
& f(x)=x"+ f '



%

*

f(x)=

X-$

f(x)=V)x-#

x+0

{xi

2- 0



f (x)=x"
y="f(x);
<
f(x)3=
&
xT % %
f(x)= x° xI %
y =f(x) X°




3 Composite Functions

3 4 composite function
&
X —»] -1 — X" —» "2 —»X—;
X—> "2 |, X, -1 —>X—g
6 f)=x" g(0=4
o(f (x)=9(x') f(s00)=1 (%)
=X _(xY _x*
# -(s) =%

<t =##H < f(g(x)=F(x-*) ;<g(f(x)=9(#x)

=0 =#(x - *) =#x - *
# i g f(x)=x" +
g(x)=x
h(x)=f (g(x)) k(x)=g(f (x)).
h(x)=1f(g(x)) k(x)=g(f(x))
=1 (%) =g(x +)

=() =

X +'



4 Inverse Functions

inverse function

% 3 4
D A &
f f 3 f 4<
I fg inverses  f (g(x))=g(f (x))=x
f
-
& f(x)=0x - g(x):%
f(g(x))="f % g(f(x))=g(0x-")
.+ _(Ox- ")+
R 0
=X +' - :%
=X
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5 Exponential Functions

/ f(x)=a" a xI a>=
exponential a

X power & &

x== f(x)=a~ =" / x=" f(x)=a =a
& =9 (a)
Ya y=a* a>' Ya y=a* =<a<'
— ( a) \k('._a)
"X X

v

%



Introduction to Logarithms
6

&
p* =$# & p=$#
1
H=%# q +
3 + $H4 %
I 2 X a
6
!
I/ logarithmic f(x)=
J &
y=  .X y=a"
y‘r y= L x
(a") ,
/ X
rmm: = x
(=) (+)
} y= X
(+)

&K

q

$'#
= $'#



7 Radians
E
<
E
*=0 —
2= =
(
I5:
l5=
&

+|

|

8 Exact Values

&

; @/E
l& [o]
0% == += =%
1% o — * % —O0 —
$ 5 +=°=#
T4
5=
- $
5
D
EFB @/E X X X
*— — o N — Tip
= - %
M A ™| Youll probably find it
0$ = | = ' easier to remember the
id JH# triangles.
+= * % F \/;
2= F ' = A




9 Trigonometric Functions

/ periodic
"
period
% &
amplitude
y‘T

" y=0 ) = xe
(p.q) B N
TN I N A
A = Sannis

%




| / translation &

f(x)+a f (x)

»
<
1
—~
>
N
]

Ya y= (x° 2="° 7




4 *"
I I reflection &
& %
before
- f(x) f (x) X" &
Yy ¥y=-9(x) X

_____________________




I/ scaling
kf (x) f(x)
& k
k >
yA (p #q)

yA y:# X° y
R s e EEE P 4 y:# X°
e s
> ; \/ >
'E"""""""""T"' Ty
5= * 4=
Kk
X" &
y‘r y=-#g9(x)




f (x) 7

yA y= # x°
IRV
"""""" B xpe
k
V' &
y,
(-%pa)

by =9g(-#x)

A
>AV




| y="f(x)
ooy=1(x)
(5 0)
é\’x
y=-f(x)- #
@ X" & #
yA y_ f(X)'
. %
-# \/($ #)
/ =)
| # y=$ §x°)  =EXE*+=

Remember

$\/\/ The graph of cos

.5': . Jr: . 360
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Differentiation

Introduction to Differentiation

J G 4<
3 4
% 3 4
&
/ af(a
(a () f (a+h)-

/ 1 X=a+h
y=f(a+h) f(a)_____

/1 '

_f(a+h)-f(a)

n ath-a 4 y=f(x)
_f(a+h)-f(a) f(a+h)-
h
% h h® =
f(a)-t-==

1 / (@) :

m,, 3 4
/
f§a) 3 4 X=a
_ f(a+h)- f(a)
ftl(a)—h®= '

B y=f(x) & f@x)

derivative differentiation

%
& %

H#H



2 Finding the Derivative

f (x)=x" ni
I %f (x)=x" f@x)=nx""
; n<
; n-'<
" B f(x)=x° fqx)
fqx)=0x"
|# E f(x)=x" xt=
fax)=-*x"°
& y=
W
dx
‘* E y=x" x1t=
o f
dx
&

%

#%




f(x)=a" g(x)

f (x)=ax"

f (x)

f qx)=anx™

=#x

**

X>=

Note
It is good practice to
tidy up your answer.

f&x)=a" g (x)

f §x)

#)



0B = >=
Y ux
y=px ?
dy * -
_:__X#
dx 0
N

*%

| %f (x)=g(x)+h(x)

dx

&

**

fqx)=g &) +h (%)

/ f x1 f(x)=*x"-#x"+ $x
f §x)
fqx)=2x"- Ox+ $
|# E y=#x"- OX + *x"+ +x+ # X
d—y=5x*-'#x#++x++
dx
X *X X - X<
&
d — d(.'"v\=
w0=+ a3
*# < 7
&
d (%)== d (. \= =
FO= 5=
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*% "3 3

1
H -
xl
3 *

<
1

*
>
H H

H o+
x 1
Hen

#H -

oo
< <
1|

'
Hlen

H -
>

=x"-x- +
gx:#x—'
dx
X 1
* f 1= f(x)==+—
X (x) st%
f(x)=gx+x
fqx)=g- #"
o H#
=5 -
0 % #
‘O E X - X X x1=
X
XO'*X# XO *X#
T

(o - 19 5

Q_|Q_

#H+

Note

You need to be
confident working with
indices and fractions.

Remember

Before differentiating,
the brackets must be
multiplied out.

f §x)



|s e

X +*x" - +x
NS

X +*x" -+x X' *x
=2 4

X>=

# +X

KX xr o xE

=X F 4Ryt Ry P

$ x L
:X# +*X# _+X#

(?_X(X# +*X#_+X#)= %X:#_ g#x?t *Xi#
=3 UK - 2% =
= FAUX - FAUX- —
N

|+ y=Vx(x* +Ux) x>=
. ) s s

y:x#(x#+x ):x# +X*

d . o

_y: X#+;fx+

X

&

|' E *t7 o #t t

L (*t"-#t)= +t- #

|# B A()=r* AQr)
A(r)= r*
AQr)=#r

**

Remember

X

Remember

Remember
is just a constant.

Note

Since we are
differentiating with
respectto ,we treat 2
as a constant.



4 Rates of Change

‘# B y:—g x1=
e
_#
y=x"
ﬂ:_*ﬂx_g
dx
_#
~T 3
*X*
_ #
__*UY$
;2"
v 8
t
/ a
]
s(t) =#+t - $t*
#
v(t) =sqt)
=#*-'=t
t=# v(t)

V(#) == )=

**

4
f X=%*
y
dy #
[ X% —=-
dx N
_ #
=
- _#
2+
=05
_0s
dt
_dv
dt
S t
#t)=$ t- t*

#0
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| # *

5 Equations of Tangents

/
tangent
I y=f(x) x=a f §a)
f a
y- b=m(x- a)
9
X
' y:x#_*
(#")
: (#")
X=#
y=x"-*
ﬂ:#x
dx
| x=# m=z# #=0
(#") m=0
y-b=m(x- a)
y-'=0(x-#)
y-"'=0x-5

Ox-y- = =

%



*

y-b=m(x- a)
t(x+ )

**

%

y =X - #X



f(x)=x"
fax)=-x"
R
/ Xzﬁ m=-:—=-0
0
(% #)
y-b=m(x- a)
y- #=-0(x )
y-#=- 0+ #
Ox+y-0==
X=-5
6
yll
y=y-5"
=(-#)"
= 5@-
#
y=JX =X /| x=5
ﬂ:?#x_;
dx
#
I
(-50)
y-b=m(x- a)
y- 0= #(x+ 5)
*y-'H = X45

X - *y+#:: =

%

| F

**

y=x"



$/

**

—" 2 " #
y=%X 'EX + #x+ $

0
LU
dx
0
x*-x+#=0 Remember
u Before solving a
X"-Xx- # = quadratic equation you
(X +')(x -#)== need to rearrange to get
“quadratic 0"
X=-" X
yIl
y=w(-") - g€ VH# A 9$ y=%(#) - g (# + #H(#H+ ¢
:—%—'ﬁ— # % :*5-%+0+$
— % _ % :) +é
_x _#2
+ *

%#
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6 Increasing and Decreasing Curves

£ss
Vv
I

/ strictly increasing
dx

[/
dx

|2
N
I

/ strictly decreasing

Q| o

X

Ya

X
"
E X='=
y = 0x" +#x 7
ﬂ=5x-x#
dx
=5x - 7
NN
X ='= ﬂ: '=- -
X "=
, Note
=5=- —= oy
== 104/10

%%
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—>= X ==
dx
|# y=+Xx +x +x-0
dy =x* +#x +' Remember
dx The result of squaring
—(x +' )# any number is always
greater than, or equal to,
3 = Zero.
&y 7
dx
Stationary Points
/ A
stationary
7
d
fdxy== =L =
§x) ™
! 9 " * *II
I |
y y y y

b
\H
_

~
N\

%)
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8 Determining the Nature of Stationary Points

E
f (KX ==
y"
#
$
( F&x)
%
( f&x)
f4=5>=
&

f(x)=#x" - 2"+ '#x+0

fqx)=+x"-'5x+'#

fqx)==
+x" - Bx+'# =
Hx' - oxr#)== 4
(x-")(x-# ) =
X =" X #
fFC)= (2)
f(#)=5 (#5)
X |® " ® (FD #®
f §x)
S
X |® ' ® 1@ #®
f qx) = =
S
X |® ' ® (FD #®
fx) |+ = - |- =+
S
X |® ® @ #®
fqx)| + = - =+
B /NN _ /

%(
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(#5)

" / y=x -+*+ X%- 0

B y=x+ x# x-0

W s gt xa2
dx
& ﬂ::
dx
X - X+2 ==
*(X#-OX+*):: ), *<
x¥ - Ox+ *==
(x-")(x-* =
X-'== X-* —
X = X =
X =" : X=*
y=()-+()+='0)0 y=(*) -+(y+2(*)-0
='-+4+2-0 =#)-$0+#)-0
== =-0
(=) (* -0)
X |® ®1R) *®
ﬂ ‘+ = - |- = +
dx .
B / NI\ _ /
(=) &

%+
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Curve Sketching
%
X" & ;
y' & A

<A

%0

**
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y=#x - *x*
y' & X == X" & y==
y=#(=) - *(= B - Pz =
T X" (#x - *)==
(== x*== #x - *==

y# x = x*
Y
dx
& @y __
X
+X#- = =
+X(X-')::
+X == X- ==
X== X =
X ==
y=#() - (=
(::
X |® =® 1® ®
dy
dx

+
1
1
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10 Closed Intervals

closed interval ; <
&
or
1 -#HE X£ +
yA
| S
. X
| \ !
P +
& %
/ f £ XE0 f(X)=#x - &XF- O
& f (x)

B f(x)# x $ x*-0 x
fgx)=+"-'=x-0
& fqx)==
+x*-'=x- 0= =
#(*x" - $x- #fF =
(x- #)(*x+" )==
X-#= = *x+ =
X=# X=-



FE=a - - (a0 TRl o o #)
A |

z'+ -H#=- 5+ :#(—#y)— ?) OI(*—}
(#-") =y g
_ 0+
)
C0+
-+ &)
x |@-r0 @ w -+ &) <
o+ = ‘ @)
B / NN =/
&
F(-)=#6C )-8 Y0-(+)  f(0)=#0 - 0"~ q ¢ °
=-# & & ='"#5 -5=- '++'
=-# — %%
(- -#) (0 =)
Note
Y, A sketph may help you
(0 **) to decide on the correct
answer, but it is not
required in the exam.
0+
-+ &)
N
o
( ) (# - )
& *x x=0
X=#
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11 Graphs of Derivatives

x" A
& , X* X<
X# X<
/ XII
& <
X'& A
X"& A
<I &7 <!
yA
, E "X
Vs |
v
, / 0

Y
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EXAMPLE

y=f(x) %
X ="' x=0
yA
y=1f(x)
\ /\ .
1 NS \ "X
y=f&x)
y= f (X) X = x=0
y=f&x) & x='" x=0
s Note
y =14 The curve is increasing
/\ between the stationary
o't points so the derivative is
’ / O\ positive there.

12 Optimisation

%
&
9 &
P (x) L X A
X
& P(x)
optimisation

)%



EXAMPLE

**

X
X
h
A
A=X#+O*#
J A
X
A = x” +0xh
=
A=x#+0x(é
X
:x#+%
X
dA _ _
i X |® +®
d_A - = +
X
B N _ /
X=++ X

)



%

**

L' == ===
( % &
or
f(X)=X#—'#X+O$ X ==
Ya
y=1f(x)
-(p 7 (p))
— -
P )
i, (-p:)

X



*p"-#0p+ 0%= =
p"- 5p+ '$==

(p-*)(p- $F =

p=* 3

p=* A=_"*_ f xt 08 »
p=% A=3"$- + ; 0_#; s o
p=) A=3") - ¥ )i?%is .
% FS
A *$

)+

**
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Sequences

Introduction to Sequences

|/ sequence 8 ; <
6
& "#*0$+ A 3
#5 ##t 2 ") 3
%
U u u i
up n
" *
Uy = "#*0
Up =#N # 0 + 5

48

any



/ recurrence relation

/ & %

Uy ='=0M '= =0 '= =5>'+

;<J uy, n
Un+. :'>:$_,In Uu_ =)===

<UL =)===
u =>=% )::: )*$:
4, =>=§ yr$==)))>8
u. =>=§" )))>$ =5'=">*)%
Uo =>=$" 5'=*>*)$= 5$=5>%$0*):

/0 L5$=5>%

)0

%

$M



Linear Recurrence Relations

%
U, =au, +b
a b u-
linear recurrence relations
u_
b 8 '$+ F 5 #HM
#$
5
;<
< ( #0
;<J 5 n
U, ==>)8 + #$ u =$+
T< U ="$+
u ==>)5 '$+ #$ '0+>+5
u,==>)5 '0+>+5 #$ "“*2>0'=0
U, ==>)5 "*2>0'=0+ #$ "**>)0='
| #0 **)0
# / U, ==>t + |
u_=)
( u. n u, >2>)
u. =)
u==>f } G 5#

u, ==>f 53 0D 5>2#

u, ==>+ 552# =0 2>*$
R>*$#

U, = 2>+"#

Ug = 2>)++)#



Divergence and Convergence

%
2
U, =au, +b
a<- a>
u“A a>' o u“A a<-'
0...... »
° , °. n
b °
o. i
.. -
beoeo?® diverge
:n °
& 2
u., =au, +b
_|< a<|
u u
" ...000 n‘o‘
.. 1
[ ] 3 4 ) - <a<:
[ ] . [ ]
g’ [}
, [ ] :<a<| n ....
converge Teee
n




4 The Limit of a Sequence

U, =au, +b -'<a< 3
4 % 8 a b
u,. =au, +b -'<a< I
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5 Finding a Recurrence Relation for a Sequence
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